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Abstract: The subset matching problem is to find all occurrences of a pattern string p of
length m in a text string t of length n, where each pattern and text position is a set of
characters drawn from some alphabet X. The pattern is said to occur at text position i if the
set p[j] is a subset of the set t[i + j - 1], for all j (1 <j <m). This is a generalization of the
ordinary string matching and can be used for finding matching subtree patterns. In this
paper, we propose a new algorithm that needs O(n-m) time in the worst case. But its average

time complexity is O(n + m-n'%%**)
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INTRODUCTION

The subset matching problem is a generalization
of the ordinary string matching problem, by
which both the pattern and text are sequences of
sets (of characters). Formally, the text t is a
string of length n and the pattern p is a string of
length m. Each text position t[i] and each pattern
position p[j] is a set of characters (not a single
character), taken from a certain alphabet X (see
the definition given in [7]). Strings, in which
each location is a set of characters, will be called
set-strings to distinguish them from ordinary
strings. Pattern p is said to match text t at
positioni if p[jl ct[i+j-1], forallj (1 <j<m).
As an example, consider the set-strings t and p
shown in Fig. 1.
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Figure 1. Example of set match

Figure 1(a) shows a matching case, by which we
have p[jlctli+j-1]fori=1,andj=1, 2, 3;
while Figure 1(b) illustrates an unmatching case
since for i = 2 we have p[2] « t[i + 2 - 1].

This problem was defined in [5] and is of
interest, as it was shown (also in [5] and its
improved version [7]) that the well-known tree
pattern matching problem can be linearly
reduced to this problem. In addition, as shown in
[8], this problem can also be used to solve
general string matching and counting matching
[10, 11], and enables us to design efficient
algorithms for several geometric pattern
matching problems. Up to now, the best way for
solving subset matching is based on the
construction of superimposed codes (bit strings,
see [3, 4]) for the characters in X and the
convolution operation of vectors [1]. The
superimposed codes are generated in such way
that no bit string (for a character) is contained in
a boolean sum of k other bit strings, where k is
the largest size of the sets in both t and p. As
indicated in [6], such superimposed codes can be
generated in O(n-log?m) time. In addition, by
decomposing a subset matching into several
smaller problems (see [5]), the convolution
operation can also be done in O(n-log’m) time by
using Fourier transformation [1] (if the
cardinality of X is bounded by a constant).
Therefore, the algorithm discussed in [6] needs
only O(n-log?m) time.

In this paper, we explore a quite different way to
solve this problem. The main idea of our



algorithm is to transform a subset matching
problem into another subset matching problem
by constructing a trie over the text string. In the
new subset matching problem, t is reduced to a
different string t’, in which each position is an
integer (instead of a set of characters); and p is
changed to another string p’, in which each
position remains a set (of integers). This
transformation gives us a chance to use the
existing technique for string matching to solve
the problem. Concretely, we will generate a
suffix tree over t” and search the suffix tree
against p’ in a way similar to the traditional
methods. The algorithm runs in O(n-m) time in
the worst case and in O(n + m-n'°®"%) on average.
The remainder of the paper is organized as
follows. In Section 2, we discuss our algorithm,
which is designed based on a transformation of
subset matching problems. In Section 3, we
analyze the average time of a trie searching,
which shows the average cost of our method. In
Section 4, we discuss an improvement of set-
string transformation. Finally, Section 5 is a
short conclusion.

ALGORITHM DESCRIPTION
Assume that X = {1, ..., k}. We construct a 0-1
matrix T = (a;) for t = tyt, ... t, such that a; = 1 if
i etpand a; = 0 if i et (see Fig. 2 for
illustration.) In the same way, we construct
another 0-1 matrix P = (bj) for p = pip; ... Pm.
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Figure 2. A 0-1 matrix for a text string

Then, each column in T (P) can be considered as
a bit string representing a set in t (resp. p). (In
the following discussion, we use b(t) (b(p;)) to
denote the bit string for t; (resp. p;).)

In a next step, we construct a (compact) trie over
all b(t)’s, denoted by trie(T), as illustrated in
Figure 3(a).
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Figure 3. A trie and set-string transformation

In this trie, for each node, its left outgoing edge
is labeled with a string beginning with 0 and its
right outgoing edge is labeled with a string
beginning with 1; and each path from the root to
a leaf node represents a bit string that is different
from the others. In addition, each leaf node v in
trie(T) is associated with a set containing all
those t;’s that have the same string represented
by the path from the root to v. Then, t can be
transformed as follows:

Number all the leaf nodes of the trie from left
to right (see Figure 3 for illustration).

Replace each t; in t with an integer that
numbers the leaf node, with which a set
containing t; is associated.

For example, the text string t shown in Figure
1(a) will be transformed into a string t’ as shown
in Figure 3(b), in which each position is an
integer. For this example, t; and t, are replaced
by 51 by 4,13 by 3, t5 and te by 1, and t; by 2.

In order to find all the sets in t, which contain a
certain p;, we will search trie(T) against b(p;) as
below.

(i) Denote the ith position in b(p;) by b(p;)[i].

(ii) Let v (in trie(T)) be the node encountered
and b(p;)[i] be the position to be checked.
Denote the left and right outgoing edges of v
by e and e, respectively. We do the
following checkings:

- If b(pli] = 1, we will explore the right
outgoing edge e, of v.

- If b(py)[i] = 0, we will explore both e and
er.

In fact, this definition just corresponds to the
process of checking whether a set contains
another as a subset. That is, if b(p;)[i] = 1, we
compare only the label of e, denoted by I(e,),
with the corresponding substring in  b(p;)
according to the following criteria: if one bit in
b(p;) is 1, the corresponding bit in I(e;) must be
one; if one bit in b(p;) is 0, it does not matter
whether the corresponding bit in I(e,) is 1 or 0. If
they match, we move to the right child of v. If
b(p;)[i] = 0, we will check both I(e;) and I(e;).

For example, to find all the t;’s in the text string t
shown in Figure 1(a), which match p; in p shown
in the same figure, we will search the trie against
b(p;) = 10100. For this, part of the trie will be
traversed as illustrated by the heavy lines in
Figure 4(a).
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transformation
This shows that in t there are three sets t, t,, and
ty containing p;. But in t’, t; and t, are
represented by 5, and t, is represented by 4. So
we associate {4, 5} with p; and replace p; in p
with {4, 5}. In this way, we will transform p into
another string p’, in which each position remains
a set containing some integers that represent all
those sets in t, which contain the corresponding
set at the same position in p. (See Figure 4(b) for
illustration.) Each set in p” can be represented by
a bit string of length I, where | is the number of
different sets (t;’s) in t. If i belongs to the set, the
ith position is set to 1; otherwise, it is set to 0.

Formally, the above transformation defines two
functions as below.

(1) ft: Sett —> I,

where Set; is the set of all t’sintand 7= {1, ...,
1}; and f(t;) = a if a is the number for a leaf node
in trie(T), with which a set containing t; is
associated.

(2) f,: Set, — 2!,

where Set, is the set of all p’s in p and 2' is the
set containing all the subsets of 1, i.e., the power
set of 7, and fi(p;) = b if b is a set of integers each
labeling an leaf node in trie(T), which is
encountered when searching trie(T) against b(p;).

Obviously, these two functions satisfy the
following property.

Lemma 1. Let t; be a set in t and p; be a set in p.
Assume that fi(t) = a and fy(p;) = b. Then, we
have ti o p;ifand only ifa € b.

Proof. It can be directly derived from the above
definition of the string transformations.

In a next step, we construct a suffix tree over t’ =
t’ty” ... t;°, the transformed t, using a well-
known algorithm such as the algorithms
discussed in [12, 13]. We remark that the
alphabet for t” is {1, ..., I} (I < 2} since each t
e{l, .., I}. It is a relatively large. But it is a
sorted set, which is constructed when we number

the leaf nodes of the trie for t. Therefore, the
construction of the suffix tree over t’ requires
only O(n) time. (More exactly, using
McCreight’s algorithm [12], we need O(logl-n)
time. logl = log2* = k.

For example, for the string shown in Figure 3(b),
we will generate a suffix as shown in Figure 5.

Figure 5. The suffix tree for t’

In this tree, each internal node v is associated
with an integer (denoted as int(v)) to indicate the
position (in p’) to be checked when searching;
and each edge is labeled with a substring and all
the labels along a path (from the root to a leaf
node) form a suffix in t’, plus $, a special
symbol, which makes every suffix not a prefix of
any other. So a leaf node can be considered as a
pointer to a suffix. In order to find all the
substrings in t, which match p, we will explore
the suffix tree for the transformed string t’
against the transformed p’ = p.’p2” ... Pm’ &S
follows (note that each p;” (i €{1, ..., m}) is a
set.)

(i) Search the suffix tree from the root;

(if) Let v be the node encountered and p;’ be the
set to be checked.

(iii) Let ey, ..., €4 be v’s outgoing edges. Let I(e;)
=1, ... I, (for some h) be the label of ¢ (1
<j<I). Then, for any g; = (v;, u;) (1 <j <0),
if |jl € pi+int(v)-l', IJ'z S pi+int(v)', .., and Ijn S
Pisiny+h-1’, the subtree rooted at u; will be
continually explored. Otherwise, the subtree
will not be searched any more. In addition,
we notice that the symbol $ is always
ignored when we check the Ilabels
associated with the edges in trie(T).

In the above process, if we can find an edge e =
(v, u) with I(e) =1, ... lg ... such that I is checked
against p,’” with Iy € py’, any leaf node in the
subtree rooted at u indicates a substring in t,
which matches p.

The following is the formal description of the
whole process.

Algorithm Subset-Matching
begin
lLett=tit,...t,and p = pip; ... Pm;



2. Transformtto t’ = t;’t;” ... t," and p to p’ = ps’
... pm” by using the trie constructed over t;

3. Construct a suffix tree tyix Over t’;
4. Search tysx against p’;

5.for any e = (v, u) in tymx With 1(e) = 1;... g ...
such that I, is checked against py’
with Iy € pp’ do

6. {return all the leaf nodes in the subtree rooted
atu;}

end

Example 1. By applying the above algorithm to
the problem shown in Figure 1(a), trie(T) shown
in Figure 3(a) will be first generated and t will be
transformed to t” as shown in Figure 3(b). Then,
by searching trie(T) against each p; one by one,
we will transform p to p’ as shown in Figure
4(b). The suffix tree for t’ is shown in Figure 5.
Finally, we will search the suffix tree against p’
as shown by the heavy edges in Figure 6.

Although 4 € p;” = {4, 5},

Since 5 € p,” = {4, 5},
P ={4,5} 3 ¢ py’ = {4, 5} and therefore

the searching along this edge

Continues. the searching stops here.

Sinée‘4 ep’ ={4,5}and 3 € p3’ = {2, 3, 4, 5}, the searching shows that
the prefix of the first suffix of t” matches p’.

Figure 6. Hllustration for suffix searching

For this simple example, only one path in the
suffix tree is explored. But multiple paths may
be searched in general.

Proposition 1. Let t = tit, ... t, and p = psp, ...
pm- The algorithm Subset-Matching will find all
t’s (1<i < n-m) such that t;,sti+s...tism.. Matches
p.

Proof. Let ny — n; ... > ny, — ey be a path that
is visited when searching the trie against p’. Let
li = I(n;, n;i+1) denote the label associated with the
edge (n;, ni+1) (1< i <m). Then, we must have I,
e pi’ (i <m). In terms of Lemma 1, the
substring in t: f(ly) ... f(1,,) definitely matches
£, (p1") - 5 (Pm’) = P1P2 - Pm- We remark that
all the suffixes represented by the leaf nodes in
the subtree rooted at n,.; have I; ... I, as the
prefix. So, each of these suffixes corresponds to
a substring in t, which matches p.

The time complexity of the algorithm consists of
four parts: C,, C,, Cs, and C,4, which are defined
and estimated below.

C, is the time used for constructing the trie for t.
In the case that X is fixed, it needs only O(n)
time.

C, is the time spent on generating p’ for p. Let A
represent the largest number of the edges visited
when searching trie(T) against a b(p;) inp (1 <i
<m). Then, C, is bounded by O(A-m).

Cs is the cost for constructing the suffix tree over
t’. Itis O(n).

C, is the cost for searching the suffix tree against
p’. It is bounded by O(A’-m), where A’ is the
largest edges explored during the searching of
the suffix tree.

Therefore, the whole computation process runs
in time O(n + A-m + A’-m). In the worst case, it
is O(mn). Averagely, however, both A and A’ are
on the order of O(n'%) as shown in the
subsequent section.

ANALYSIS OF A AND A’
In this section, we give a simple analysis of the
average value of A. A precise probabilistic
analysis is given in Appendix.
In order to analyze the average cost of A, we
consider a ‘worse’ case that the trie is not
compact, i.e., each edge is labeled with a single
bit (instead of a bit string), which makes the
analysis easier. In Figure 7(b), we show a non-
compact trie for a set of bit strings shown in
Figure 7(a).
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Figure 7. A non-compact trie
For such a non-compact trie T, the searching of
it against a bit string s = s[1]s[2] ... s[K] is
performed in a similar way to a compact trie, but
simpler:
(i) Let v be the node encountered and s[i] be
the position to be checked.
(i) 1f s[i] = 1, we move to the right child of v.
(iii) If s[i] = 0, both the right and left child of v
will be visited.

In the following, we use ¢s(T) to represent the
expected number of the edges visited when
searching T against s. In addition, we use s’, s,
s’”’, ... to designate the patterns obtained by



circularly shifting the bits of s to the left by 1, 2,
3, ... positions.
Obviously, if the first bit of s is 0, we have, for
the expected cost of a random string s,

Cs(T) = 1 +co(Ta) + co(T), 1)
where T; and T, represent the two subtrees of
the root of T. See Figure 8 for illustration.

If s[i] = 0, move along both o=V S
Edges labeled with 0 and 1. f 1 \2

Figure 8. lllustration for trie searching

It is because in this case, the search has to
proceed in parallel along the two subtrees with s
changing cyclically to s’.
If the first bit in s is 1, we have

cs(T) =1+ ce(To) )
since in this case the search proceeds only in T».
In order to get the expectation of ¢y(T), we make
the following assumption.
For each t; in t, each element in t; is taken from X
with probability p = 1/2, independently from all
the other t;’s and all the other elements in t;.

Under this assumption, T; and T, will have

almost the same size L%J , where N is the

number of the nodes in T. So (1) and (2) can be
rewritten as follows:

cN) =1+ 2csv(gj ) ()
and
cN) =1+ csv(gJ ) (@)

From (3) and (4), we get the following
recurrence equation:

3 N
=1+ Jes(| 5 ). ©
Solving the above recursion, we get
cs(N) = O(1.5'9N) = O(N'*9-9), (6)

In terms of (6), we have the following

proposition.

Proposition 2. A is on the order of O(n'*%*%).

Proof. The number of the nodes in trie(T) is

bounded by O(kn). So the average value of A is
O((kn)logl.S) - O(n|0g1'5).

Since only O(n"9*®) edges are visited on average

when searching trie(T) against a b(p;) in p, the

size of the set of all those t;’s that contain p; is on

the order of O(n'*"®), and so is A’.

IMPROVEMENTS

The above process can be significantly
improved.

For p, we can also generate a trie over b(p;)’s,
denoted by trie(P), where P represents the 0-1
matrix for p, which is constructed in the same
way as T for t. But for ease of control, we will
establish non-compact tries for both t and p as
illustrated in Figure 9.

0 0
1 1
0 0
0 0

{ts te} {tz} {t} {t:} {ts, ta} {ps}  {pu P}
(@) (b)
Figure 9. Two non-compact tries

We will search these two tries simultaneously
with the above containment checking simulated.

For this purpose, we will maintain a stack, stack,
in which each entry is of the form {v, u} with v
e trie(T) and u e trie(P). During the process,
each time we encounter a node v in trie(T) and a
node u in trie(P), we will manipulate stack as
below.

i) Let v;and v, be two children of v with edge
(v, vq) labeled by 0 and edge (v, v,) by 1; and
u; and u, be two children of u with edge (u,
u,) labeled by 0 and edge (u, u,) by 1;

ii) Push three pairs {v,, U,}, {v2, ui}, and {vy,
u;} (in the order specified) into stack.

iii) If v is a leaf node, put the number associated
with v into a set associated with u to record
the fact the sets represented by v contain the
sets represented by u.

Below is the formal description of the algorithm.
In the algorithm, the following two symbols are
used:

num(v) - a number associated with a leaf
node v in trie(T).

matching(u) - a sorted set (of integers)
associated with a leaf node u in trie(P). Each
integer in the set represents one or more sets
in t, which contain the sets represented by u.

Algorithm p-transformation(trie(T), trie(P))
begin

1. vp < root of trie(T); ug < root of trie(P);
2. push(stack, {vqg, Ug});
(*push (vq, Up) into stack.*)



3. while stack not empty do
4. {{v, u} < pop(stack);
5. ifvisa leaf node then
matching(u) < matching(u) w {num(v)};

6. else{

7. let v; and v, be two children of v with
(v, v1) labeled by 0 and (v, v,) by 1;

8. let u; and u, be two children of u with
(u, uy) labeled by 0 and (u, u,) by 1;

9. push(stack, {v,, u,}); push(stack, {vs,
ui}); push(stack, {vi, us});}

10.}

end

By the above algorithm, each p; in p will be
transformed to a set of integers. Applying this
algorithm to the tries shown in Figure 5(a) and
(b), we will get the same result as shown in
Figure 4(b). But we search trie(T) against only
two paths instead of three. In addition, p; and p,
are replaced with the same set {4, 5}. So we
implement P’ as a pointer sequence with each
pointer pointing to a set of integers.

In general, for all those p;’s that share the same
prefix, the prefix is checked only once, which
enables us to save much time.

The worse case time complexity C can be
analyzed as follows.

Each pair {v, u} generated during the process, v
and u must be on the same level in trie(T) and
trie(P), respectively. Let N; be he numbers of
different sets (t’s) and N, the numbers of
different sets (p;’s) in p. We have

C= inumT (i)-num, (i)

= Np-Np 3 UM (i)-num, (i) - O(KN¢:Np),
i= T Np

where num+(i) (nump(i)) represents the number
of the nodes on level i in trie(T) (resp. in
trie(P)).
Now we analyze the average time of this
algorithm.
We simply use T and P to represent trie(T) and
trie(P), respectively. Denote root; the root of T
and rootp the root of P. Let T, be the left subtree
of rooty and T, the right subtree of root;. Let Py
be the left subtree of root, and P, the right
subtree of root,. Then, we have the following
recurrence equations:

C(T, P) =1+ C(Ty, Py) + C(Ty, Py) + C(T2, Po),
@)

(*rootp has both the left and right child nodes.*)
C(T,P)=1+C(Ty, P)) +C(T,, Py), (8)
(*rootp has only the left node.*)
C(T,P) =1+ C(T,, Py), 9)
(*rootp has only the right child node.*)
where C(T, P) represents the average number of

the pairs (v, u) created during the process with v
eTandu e P.

From the above equations, we get

C(n,my=1+ 2C(EJ , L%J ) (10)

which leads to the following proposition.

logl.5,.,l0g1.5

Proposition 3. C(n, m) < n™"°m
Proof. We prove the proposition by induction on
nand m.

Basic step. When n = 1 and m = 1, the
proposition trivially holds.

Induction step. Assume that the propsotion holds
fora<nandb<m. Thatis, we have C(a, b) <
a"°9°y'°915 for any a < n and any b < m. Then, in
terms of (10) and the induction hypothesis, we
have

M

C(n,my=1+ 2C(EJ , bJ)

< (l/(nlogl.5mlogl.5) +
1/(2I091.52logl.5))nlogl.Smlogl.S
— (1/(nlogl.5mlog1.5) +
1/2l25))nlogl.5mlogl.5.
Forn>2and m > 2, 1/(n"**m'*9:%) < 1/2.25. So
C(n, m) < r]Iogl.Sﬁ.ﬂogl.Sl
Proposition 3 shows that the average cost the

algorithm p-transformation is on the order of
O(nlogl.Smlogl.S)

Probabilistical Analysis

In terms of the analysis conducted in Section 3,
we have the following two recurrences:

Cs(T) =1+ co(Ty) + co(T), (11)

C(T) =1+ co(Ty) (12)
where T; and T, represent the two subtrees of
the root of T.
Given N (N >2) random nodes in T, the
probability that

ITif=q,[T2l=N-q (13)
can be estimated by the Bernoulli probabilities
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Let ¢ y denote the expected cost of searching a
trie of size N against s. We have the following
recurrences

if s starts with 0,

2 (N _
=1+ N %[1}5"“’ N> 2; (15)
if s starts with 1,
1 N
Con=1+ z_N%:[ljcs"q’ N> 2. (16)

Let A; =1 ifith bitinsis 1, and A; = 2 if ith bit in
s is 0. The above recurrence can be rewritten as
follows

N

Csn = 1+ ANZ Csiq = SN’O - 5N,11 (17)
2" 71

where 8y (j = 0, 1) is equal to 1 if N = j;
otherwise equal to 0.

Proposition 4. The exponential generating
function of the average cost ¢ y

C2) = Yeonir (18)
n>0
satisfies the relation
Cy(2) = 1€¥°Cy [éj +el-1-z. (19)

Proof. In terms of equation (17), C,(z) can be
rewritten as follows

C@=3 U(lw( Tz[ J
=34 +zzi()"zo[ }p -

z z
Zé‘n,OTny - Z5n,17"1
n>0

n=0

n,O nlJ n! (20)

_ A (z/2)"" _ 1.
-e+ﬂzp: ! nZOCSpW 1-z

= 1,6”2Cy(2) +e-1-2

In the same way, we will get Cs(2), Cs:(2), ...,
and so on. Concretely, we will have the
following equations:

Ci(2) = e’ C (%) +et-1-12 (21)

Co(2) = 1™ Cl2) +€7-1-2

Cyns ()= €™ Cy(2) +€-1-2.

These equations can be solved by successive
transportation. For instance, when we transport
the expression of Cg(z) given by the second
equation in (11), we have

C(2) = az) + 1™ al) . 22)
122
/11/1261/2 ef CS.,(L) .

where a(z) = e*- 1 -z

In a next step, we transport Cg into the equation
given in (22). This kind of transformation
continues until the relation is only on C; itself.
Then, we have

cs(z):xlxz...kmexp{ [1—2—H C(5m)+ (23)

gﬂaﬂz A eXp[zﬁ‘ %)keXp(z_zi)‘ 1- z_ZJ)

]

= mk exp{z(l L H s( )+

S ool Jools) 1)
where k is the number of 1s in s.

Let a= 2™ B=1- L zm’ A= 2imand A@) =

:gﬂllz .. .Ajexp[Zﬁ—zij)Kexp(%)_l_z_ﬁ) . We have

Cs(2) = ae’Cy(12) + A(2). (24)
This equation can be solved by iteration 'ﬁO)
discussed above:

Ci2) = ia"exp(ﬂ%z)A(ﬂjz)= (25)
j=o
52 0 iy o) -erplel— i S 52 )

Using Taylor formula to expand exp(z) and
explzfi- ij)X[1+ o) in Cy2) given by the

above sum, and then extract the Taylor
coefficients, we get

= S Audy Ay 220D, (n), (26)
h=0 i>0

where Dg(n) =1 and (1

forj>0and h>0,
Djp(n) = 1 - (1 - 2™ - x2 Mg - My (27)



We notice that N < min{n, 2}. So ¢, = O(N*®)
< O(n®®). This shows that the average time
complexity of Algorithm Set-Matching is on the
order of O(n + m-n®%).

In the following, we show how to evaluate cq .

First, we define
#x) = :i:ﬂiﬂz...zh Zozumfk) Dju(n), (x>0) (28)
- fs

Then, we perform the following computations to
evaluate ¢(x):

(1) define the Mellin transformation of ¢(x) ([8],
p. 453):

#*(0) = I¢(x)xa*dx . (29)

(2) derive an expression for ¢*(o), which reveals
some of its singularities.

(3) evaluate the reversal Mellin transformation
H0) = L [§*(0)x“do L<c<- 1-%) (30)
Cc—io
The integral (30) is evaluated by using Cauchy’s
theorem as a sum of residues to the right of the
vertical line {c + iy | y € R}, where R represents
the set of all real numbers. This compuation
method was first proposed in [14] The following
is just an extended explanation of it.

Remember that Djy(x) = 1 - (1 - 2™")*-x2™"(1 - 2
m-h*1 \We rewrite it under the form

Djh(X) =1- e_xa‘" - thX e_xa‘“ (31)
with oy, = - log(L - 2™™) and By, = 21 - 2™,
Now we consider the following expansion,
which is valid for small values of x:

(- log(1 - X))° =x°(L - %=+ O(lo[x?).  (32)
Let x = 2™ Then, we have (by using the above
expansion)

ajn = (- log(L - 2™y ~ 2M), (33)

mj-h

In addition, for small values 2™, we also have

Bin=2""(1 - 2™t =0(2™). (34)

Following the classical properties of Mellin
transformation, we have the following
proposition.

Proposition 5. Denote Dj*(o) the Mellin
transformation of Djy(x). We have

Dy*(o) = qu(x)x“*dx (35)

= - (ay) °T(0) — Bin(yn) *'oT(c)

provided -1 < Re(o) < 0, where I'(c) is the Euler
Gamma function.

Proof. The following formulas are well-known:

©

[ -Dx"ldx =T(0)-1<Re(c) <0 (36)
0

©

[(xe*)x°tdx =oT(c)-1 < Re(c) 37
0

[f(@)xetdx = a* ] f (" dx fora>0 (38)
0 0
In terms of these formulas, we have

Dp*() = ] Dp(x)x"dx (39)
0

0 0
= {(1—e_m'h)x"’ldx - {ﬂjhxe_m’“x"’ldx

= - (ay) °T(c) — Bin(oyn) *'oT(o). u
Now we try to evaluate the following two sums:
(o) = 32" (ay) 7, (40)

=0
_ j(m—k -o-1
un(c) = Zozj(m )ﬂjh(ajh) .
j>

From (33) and (34), we can see that the two
sums given by (40) are uniformly and absolutely
convergent when o is in the following stripe:

Stripe: -1 <Re(s) <- (1- %), (41)

m

Furthermore, in terms of (33) and (34), both
(o) and vp(c) can be approximated by the fol-
lowing sum:

@p(0) = Y2/ @m)? (42)
=0

When Re(c) < oo = - (1 - %), this series can be
summed exactly:

wh(0) = 2" ke - (43)

1_pm-kimo
Thus, ¢*(o) is defined in Stripe and can be
computed as follows
#*(c) = [O0x7 "dx (44)
0

ml i(m=k) o-1
(hzo/u---z ZOZ Djn ())x7"dx
= j>

o—8



= hzom o ip(4(0) + oV (0)

=L+ )2 Ay 22

From this, we can observe all the sigularities
(poles), i.e., o = 0, at which I'(c) is not defined;
and all those values of o, at which (1 -

2™(@=20)y hecomes O:

oj=0pt L (=0 %1, +£2 .) (45)

mI0g2

To compute the integral in (21), we consider the
following integral

W) = 5] ¢* (X 7dx, (46)

where Ly is a rectangular contour oriented
clockwise as shown in Figure 10.

Ly= LBy + 13+ +L3, (47)
L = {c+iu‘|u|§ (Zleggl)z”},

L3 = {v+| e |c3vs%},

3 = {— |u‘|u|< (2“:;;)2”},

Ly = {v |%csv§%},

where N is an integer. This contour is of a
similar type used in ([9], p. 132).

Let ¢, be the integral along L (i =1, 2, 3, 4).

Then, ¢y () = ¢k (0 + ¢Z 00 + B3 (9 + 4 (.
Furthermore, we have the following results:

hIlim P (X) = ¢,

lim 450 =0()
|43 ()< X’k’(sm)JLmM*(G) |do
= O™y, and

lim g3 (x) =0(1).

Thus, we have

Nim gy (x) = ¢(x) + O(cem). (48)
—>0
u
Ly
Ly L
-1 cl-1+km b/3m V.

Figure 10. The rectangular contour Ly
On the other hand, h!im #y (X) can be evaluated as

the sum of the residues of the integrand, i.e
#*(o0)x?, inside Ly. Concretely, we have

nlliianj” xX)=-  X(@*©)x°,o=a) (49)

aecPole(¢*(o))

== Y limc-a)*(c)x°

aePole(¢*(o)) ooa
Within L, ¢*(o) has the following poles:

a=0, and

2ijz -
=0 = + = + +
a=o= ot i G=0, 1, £2,..)

The contribution of the pole &= 0 is O(1); and
the contribution of a. = oy is

lim (o - 03)¢* (X)X ° (50)

- X*UU (1+00)F(0'0) Z 21/12 ﬂ, 2h00 .

mlog2

Finally, the contribution of each o; (j = 0, £1,
+2,.)

lim (o —oy)g* (X)X (51)
ijzr nt [of
=X oexp (-2 log,x) (L + aj)l"(aj)hgoﬂzﬂ2 2,2
So we have

im gy, (%) (52)

m-1
=y % (l+:]0|2’g(zﬂg) Z ﬂimiZh% +
h=0

z X oexp(~2= log, X)(L+ o) (0 )zm 2"
.

+fx‘%exp( Zix “Zlog, X)(1+ o) (o; )Z Mdge 22"
=

= Xfoo (1+09)T (o) i ﬂ,ﬂ,---ﬂ2h5° )
h=l

mlog2
From this, we know that

Cen=0(n"%)=0(n" ™), (53)



CONCLUSION
In this paper, a new algorithm for the subset-
matching problem is proposed. The main idea of
the algorithm is to represent each set t; in the text
string t as a single integer a and each set pjin the
pattern string p as a set b of integers such that a
e b if and only if p; cti. This is done by
constructing a trie structure over t. In this way,
we transform the original problem into a
different subset matching problem, which can be
efficiently solved by generating a suffix tree
over the new text string that has an integer at
each position. In the worst case, the algorithm
runs in O(n + I-m) time, where | is the number of
different sets (t;’s) in t. But its average time
complexity is O(n + m-n'"*%),
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