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In [1], it is claimed that the average time of searching a sig-

nature tree is on the order of O( ), where n is the num-
ber of signatures in a signature file, m the siganture length,
and k the number of bits set to 1 in a signature. In this paper,
we show how this result is achieved. For this purpose, we
evaluate cs,n given by (15) in [1] by using contour integra-
tion of complex variabled functions.

First, we define 

φ(x) = ,(x ≥ 0) (1)

Then, we perform the following computations to evaluate
φ(x):

(1) define the Mellin transformation of φ(x) ([2], p. 453):

φ*(σ) = . (2)

(2) derive an expression for φ*(σ), which reveals some of its
singularities.

(3) evaluate the reversal Mellin transformation

φ(x) = -1 < c < - (3)

The integral (3) is evaluated by using Cauchy’s theorem as
a sum of residues to the right of the vertical line {c + iy | y
∈  ℜ }, where ℜ represents the set of all real numbers. This
compuation method was first proposed in [3]. The follow-
ing is just an extended explanation of it.

Remember that

Djh(x) = 1 - (1 - 2-mj-h)x - x2-mj-h(1 - 2-mj-h)x-1.

We rewrite it under the form

Djh(x) = 1 -  - βjhx (4)

with αjh = - log(1 - 2-mj-h) and βjh = 2-mj-h(1 - 2-mj-h)-1.

Now we consider the following expansion, which is valid
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for small values of x:

(- log(1 - x))-σ = x-σ(1 -  + O(|σ|2x2)). (5)

Let x = 2-mj-h. Then, we have (by using the above expansion)

αjh = (- log(1 - 2-mj-h))-(-1) ~ (2mj+h). (6)

In addition, for small values 2-mj-h, we also have 

βjh = 2-mj-h(1 - 2-mj-h)-1 = O(2-mj). (7)

Following the classical properties of Mellin transformation,
we have the following proposition.

Proposition 1. Denote  the Mellin transformation of
Djh(x). We have 

= 

= - (αjh)-σΓ(σ) − βjh(αjh)-σ−1σΓ(σ) (8)

provided -1 < Re(σ) < 0, where Γ(σ) is the Euler Gamma
function. 

Proof. The following formulas are well-known:

 = Γ(σ)- 1 < Re(σ) < 0 (9)

 = σΓ(σ) -1 < Re(σ) (10)

 = for a > 0 (11)

In terms of these formulas, we have

= (12)

=  - 

= - (αjh)-σΓ(σ) − βjh(αjh)-σ−1σΓ(σ).

Now we try to evaluate the following two sums:

ωh(σ) = , (13)
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From (6) and (7), we can see that the two sums given by (13)
are uniformly and absolutely convergent when σ is in the
following stripe:

Stripe: -1 < Re(σ) < - (1 - ). (14)

Furthermore, in terms of (6) and (7), both ωh(σ) and υh(σ)
can be approximated by the following sum:

(15)

When Re(σ) < σ0 = - (1 - ), this series can be summed ex-

actly:

. (16)

Thus, φ*(σ) is defined in Stripe and can be computed as fol-
lows

φ*(σ) = (17)

= 

=  - 

= - .

From this, we can observe all the sigularities (poles), i.e., σ
= 0, at which Γ(σ) is not defined; and all those values of σ,
at which ( ) becomes 0:

σj = σ0 + , (j = 0, , , ...) (18)

To compute the integral in (21), we consider the following
integral

φN(x) = , (19)

where LN is a rectangular contour oriented clockwise as
shown in Fig. 1.

LN  = , (20)

,

,

2j m k–( )βjh α jh( ) σ– 1–

j 0≥
∑

k
m
----

ω̂h σ( ) 2j m k–( ) 2mj h+( )σ

j 0≥
∑=

k
m
----

ω̂h σ( ) 2hσ 1
1 2m b– mσ+–
----------------------------------=

φ x( )xσ 1– xd
0

∞

∫

λ1λ2…λh 2j m k–( )Djh x( )
j 0≥
∑

h 0=

m 1–

∑
 
 
 
 

xσ 1– xd
0

∞

∫

λ1λ2…λh ωh σ( ) συh σ( )+( )Γ σ( )
h 0=

m 1–

∑

Γ σ( ) 1 σ+( ) λ1λ2…λh2hσ 1
1 2m b– mσ+–
----------------------------------

h 0=

m 1–

∑

1 2m σ σ0–( )–

2ijπ
m 2log
--------------- 1± 2±

1
2iπ
-------- φ∗ σ( )x σ– σd

LN
∫

N
1 LN

2 LN
3 LN

4+ + +

LN
1 c iu+ u

2N 1+( )π
m 2log

-------------------------≤
 
 
 

=

LN
2 v i

2N 1+( )π
m 2log

-------------------------+ c v
b

3m
-------≤ ≤

 
 
 

=

, 

,

where N is an integer. This contour is of a similar type used
in ([4], p. 132).

Let  be the integral along  (i = 1, 2, 3, 4). Then,

.

Furthermore, we have the following results:

,

,

= O(x-k/(3m)), and

 = O(1).

Thus, we have

+O(x-k/(3m)) (21)

On the other hand, can be evaluated as the sum of

the residues of the integrand, i.e., φ*(σ)x-σ, inside LN. Con-
cretely, we have

 = 

= . (22)

Within L∞, φ*(σ) has the following poles:

α = 0, and

α = σj = σ0 + (j = 0, , , ...)

The contribution of the pole α = 0 is O(1); and the contribu-
tion of α = σ0 is
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Fig. 1 The rectangular contour LN
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Finally, the contribution of each σj (j = , , ...) is

(24)

= 

So we have 

 =  +

+

= . (25)

From this, we know that 

Cs,n = O( ) = O( ). (26)
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