Average Time Analysis: Searching a Signature Tree
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In[1], itisclaimed that the average time of searching asig-
k
nature treeis on the order of O( n1 m), where nisthe num-
ber of signaturesin a signature file, m the siganture length,
and k the number of bitsset to 1 in asignature. In this paper,
we show how this result is achieved. For this purpose, we
evaluate g, given by (15) in [1] by using contour integra-
tion of complex variabled functions.

First, we define
m-1
Ax) = Z Al)\z...AhZ zj(m—k)Djh(x) (x=0) (@D}
h=0 jz0

Then, we perform the following computations to evaluate
AX):
(2) define the Méllin transformation of ¢(x) ([2], p. 453):

#(@)= | gx7tax. 2
(2) derivean expression for ¢ (o), which reveals some of its
singularities.
(3) evaluate the reversal Mellin transformation
_ 1 C+ioo B k
ax) = ﬁjc_imq;ﬂa)x 9do-1<c<- (17) ®)

Theintegral (3) is evaluated by using Cauchy’s theorem as
asum of residues to the right of the vertical line{c +iy |y
O 7y, where /7 represents the set of al real numbers. This
compuation method was first proposed in [3]. The follow-
ing isjust an extended explanation of it.

Remember that
Djh(X) =1-(1- 2-mj-h)x - xz'mj‘h(l - z-n‘j-h)x-l_
We rewrite it under the form

Djh(X) =1- e_xaih - [.))J'IA]Xe_XO‘Jh (4)
with aj, = - log(L - 2™ and By, = 21 - 2y L,

Now we consider the following expansion, which is valid
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for small values of x:

(-log(L- Xy 7=x(1- % +O(loP®).  (5)

Let x= 2" Then, we have (by using the above expansion)
0j = (- log(1 - 2y D ~ M), ®

In addition, for small values 2™ we also have
Bin=2M"(L-2M M= 0@™). 7

Following the classical properties of Mellin transformation,
we have the following proposition.

Proposition 1. Denote DjhE(a) the Méellin transformation of
Djh(x)' We have

Do) = '[o Djn(x)x7~tdx

=- () T(0) = Br(ojr) 7 Lol (0)  (8)

provided -1 < Re(0) < 0, where I'(0) is the Euler Gamma
function.

Proof. The following formulas are well-known:

j:(e—x-l)xa—ldx =(0)- 1<Re(d)<0  (9)

j:(xe—x)x“—ldx = ol (0) -1 <Re(0) (20)

Jmf(ax)xg—ldx = a“’jmf(x)x“— ldx fora>0 (11)
0 0
In terms of these formulas, we have

Do) = j: Djn(x)x7~tdx (12)

00 00
= j (1 —e*%inxo-1dx -j thxe_xaihxg—ldx
0 0

=- (0j) (0 - By T o (0. O
Now we try to evaluate the following two sums:

wy(9) = > 2AM=K(oy)7, (13)

i20



up(0) = Y M=K, (a;)=o~ .

j=0

From (6) and (7), we can seethat the two sumsgiven by (13)
are uniformly and absolutely convergent when o is in the
following stripe:

Sripe: -1<Re(o) <- (1 - %). (14)

Furthermore, in terms of (6) and (7), both w(0) and vy(0)
can be approximated by the following sum:

wn(0) = > 2m=km+he (15)
i=0
WhenRe(g) < gp=-(1- —rE), this series can be summed ex-

actly:

on(0) = 2ho— 1

1—2m-b+mo’

(16)

Thus, ¢f (o) isdefined in Sripe and can be computed asfol-
lows

(0= [ gt (17)

m-1

jo 3 Ahge Ay 37 2M=KD; (x) | x- Lelx
h=0 jz0

m-1

- 3 AAge Ap(@4(0) + aU(A))T ()

h=0

m-1

=-T(O)(1+0) T Ay Ap2no—t

1—2m=-b+mg’
h=0

From this, we can observe all the sigularities (poles), i.e., o
= 0, at which I'(0) is not defined; and al those values of ¢,

at which (1-2™(¢~ %)) becomes 0:
2ijm

= + ——
9= % mlog2’

(=0 %1, £2,..) (18)

To compute the integral in (21), we consider the following
integral

) = %{J‘L @ o)x9do, (19)

where Ly is a rectangular contour oriented clockwise as
shown in Fig. 1.

Ly = §+ LR+ L3+ LS (20)
- L (2N+ DT
LN {c+|u||u|_ mlog2 |’

) _ N+ Dm b
L {VH miog2 |©=V=3m("

b . (2N+ D)
3 =) < et o)
Ly {Sm+ |u‘\u\ = mlog2 }’

4 = _'M{ < <£
LN {VI mlog?2 CsVEaar

where N is an integer. This contour is of a similar type used
in([4], p. 132).

Let ¢, be the integral along L (i = 1, 2, 3, 4). Then,
A = GO+ )+ RO+ &(x) -
Furthermore, we have the following results:

N”m 7)) = dx),
lim g(x) = 0(1),
)| <x¥EM[  |gXo)do=O x G and
RO [ (KM
L

lim g (9 = O(2).

Thus, we have

lim (9 = o(x) +O(x KB (21)
L3 u
-1 c'“% 3%
Ly L Y
Ly

Fig. 1 Therectangular contour Ly

On the other hand, NIim @(x) can be evaluated as the sum of

the residues of the integrand, i.e., ¢ (0)x'?, inside Ly. Con-
cretely, we have

Nliilww(p]“(x) = - Z (gl 0)x 0, o=a)
a O Pole(@g)0))
= - z lim (o—a)@d{o)x 7 . (22)

a O Pole(¢g{0))
Within L, ¢ (0) hasthefollowing poles:

a=0,and

2ijt

miog? (=0, =1, +2,..)

G=Oj=00+

The contribution of the pole a = 0is O(1); and the contribu-
tionof a = gy is

lim (o— ap) g 0)x @



(1+ Uo)r(ao) ho,
= x % gz z Ay A2 (23)

Finally, the contribution of each g; (j = +1, #2, ...) is

lim (o- Jj)qd:(a)x—“ (24)
9-9
m-1
— - 2ij .
=X erxp(—%glogzx)(1+ r(g) Y. Ay A, 2"
h=0
So we have

(1+JO)I'(UO)

: — hg;
N“Tmﬂ\'(x) 77 mlog2 Z AAa Ap2T0
— m-1
> x%exp( - 2IJ“|og2x)(1+ ()Y Mg A2
j h=0
+
m-1
Zx—“oexp( 2 og ) 1.+ DN ()S Mg A2
j=1 h=0
(1+ JO)I'(UO) ho
= Z Ay A 2% (25)
From this, we know that
Lk
Con=O(n%) =O(n' " m). (26)
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