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Bipartite Graph

B 1. Agraph G is bipartite if the node set V can
be partitioned Into two sets V, and V,, in such a
way that no nodes from the same set are
adjacent.

B 2 ThesetsV, and V, are called the color
classes of G and (V,, V,) Is a bipartition of G.
In fact, a graph being bipartite means that the
nodes of G can be colored with at most two
colors, so that no two adjacent nodes have the
same color.
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Bipartite Graph

3. We will depict bipartite graphs with their
nodes colored black and white to show one
possible bipartition.

4. We will call a graph m by n bipartite, if |V,| =
m and |V,| = n, and a graph a balanced
bipartite graph when [V,| = [V,].
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Fig. 1 ()
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Properties

Property 3.1 A connected bipartite graph has a
unique bipartition.

Property 3.2 A bipartite graph with no isolated
nodes and p connected components has 2P

bipartitions.

For example, the bipartite graph in the above
figure has two bipartitions. One Is shown In the
figure and the other has V, = {vy, vs, V¢, Vg} and V,

={V2 V4, Vg, V7}-
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Properties

The following theorem belongs to Konig (1916).

Theorem 3.3 A graph G Is bipartite if and only if
G has no cycle of odd length.

Corollary 3.4 A connected graph Is bipartite If
and only If for every node v there is no edge (X, y)
such that distance(v, x) = distance(v, V).

Corollary 3.5 A graph G is bipartite if and only if
It contains no closed walk of odd length.
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Matching and Maximum Matching

B Maximum matching

- A set of edges In a bipartite graph G is called
a matching If no two edges have a common
end node.

- A matching with the largest possible number
of edges Is called a maximum matching.

Example. A maximum matching for the bipartite graph in Fig. 1(b)

IS shown below.
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Maximum Matching

B Maximum matching

- Many discrete problems can be formulated as
problems about maximum matchings. Consider, for
example, probably the most famous:

A set of boys each know several girls, Is it possible
for the boys each to marry a girl that he knows?

This situation has a natural representation as a bipartite graph
with bipartition (V,, V,), where V, Is the set of boys, V, the set
of girls, and an edge between a boy and a girl represents that
they know one another. The marriage problem is then the
problem: does a maximum matching of G have |V,| edges?
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Alternative and Augmenting Path

B Maximum matching

Let M be a matching of a graph G.

- A node v iIs said to be covered, or saturated by M, if
some edge of M is incident with v. We will also
call an unsaturated node free.

- A path or cycle Is alternative, relative to M, If its
edges are alternatively in M and E\M.

- A path Is an augmenting path If it is an alternating
path with free origin and terminus.

- P -apath. C - acycle.
P| - the number of edges in P
C| - the number of edges in C.
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Properties of Matchings

Property 3.3 Let M be a matching and P an augmenting

path relative to M. Then the symmetric difference of M

and P, denoted M A P, Is also a matching of G and M A

P|=|M| + 1.

MAP = (M\P) U (P\M)

Example. V1 :
Vs MAP: Y

P%/I PW%
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About symmetric difference

Commutative: M_- {1, 2, 3}
MAP=PAM P={3, 4,5}
M P MAP=PAM
={1, 2,4, 5}
Assoclative:
MAPAQ
=MA(PAQ) Q
=(MAP)AQ

' Intro 10
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Properties of Matchings

Property 3.4 Let M and M’ be matchings in G. Then, each
connected component of M A M’ is one of the following:

(1) an even cycle with edges alternatively in M\A/” and M \M,
or

(2) a path whose edges are alternatively in M\A/’and A \M.
M: ot V2 Vs Ve Vs e Ve Vo Vg Yy Vs
Uy U, U Uy Uy U, U Uy

MAM’

©
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This edge is considered to
be an augmenting path
relative to My, also to M,

: 12
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Properties of Matchings

Proposition 3.5 Let M and M’ be matchings in G. If M| =, |M’| =
sand s > r, then M A M’ contains at least s - r node-disjoint
augmenting paths relative to M.

Proof. Let the components of M A M”be C,, C,, ..., Cy. Let f(C;) =
ICin M| - |G M| (1 <1 <Kk). Then it follows from Property 3.4
thatf(C) s {-1, 0, 1} for each 1 <i <k. f(C)) = L if and only if C; is
an augmentmg path- relative to M. To complete the proof, we need
only observe that A

I
i_Zlf (Ci)=|MM|-|MWM|=|M|-|M|=5s-T.
)=

Thus,ithere are at least s - r components with f(C;) = 1, and at least
S - r node-disjoint augmenting paths relative to M.

C, contains one more edge from M or from M.

13



MAM’

C=[M"|-| M] Ci=|M" || M| C=lM’

| MY

If C; is a cycle or an even path, f(C;) = 0.
If C; is an augmenting path relative to M, f(C;) = -1.
If C; is an augmenting path relative to M, f(C;) = 1.

k
> f(C)=s-r

j=1

14
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Properties of Matchings

Combining Proposition 3.5 with Property 3.3, we can deduce the
following theorem (Berge, 1957).

Theorem 3.6 M is a maximum matching if and only if there is no
augmenting path relative to M.

Proof. If-part. If there I1s no augmenting path, M must be a
maximum matching. Otherwise, let M’ be a maximum matching.
According to Proposition 3.5, M A M’ contains at least |M’| - |M|
node-disjoint augmenting paths relative to M. Contradiction.

Only-if-part. If M is a maximum matching, there is definitely no
augmenting path relative to M. Otherwise, let P be an augmenting
path relative to M. Then, M A P is a larger matching than M.
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Properties of Matchings

The above theorem implies the following property.

Property 3.7 If M Is a matching of G, then there exists a maximum

matching M of G such that the set of nodes covered by M is also
covered by M.

Proof. If M Is a maximum matching, the property trivially holds.

Otherwise, consider an augmenting path P relative to M. Then,

according to Property 3.1, M A P is also a matching of G with
IMAP|=|M|+ 1.

Moreover, the nodes covered by M are also covered by M A P.
Repeating the above process will prove the property.

Yangjun Chen 16



Properties of Matchings

The following theorem was obtained by Dulmage and Mendelsohn
(1958).

Theorem 3.8 Let G be a bipartite graph with bipartition (V, V,). Let M,
and M, be matchings in G. Then, there is a matching M < M; U M, such
that M covers all the nodes of V, covered by M, and all the nodes of V,
covered by M,.

Proof. Let U; be the nodes of V; covered by M, (i = 1, 2). Let W, be the
nodes of V, covered by M, (i =1, 2). Let G,, G,, ..., G, be the connected
components of M; A M,. By Property 3.4, each G; (1 <1 <Kk) is an even
cycle or a path. Let M;; = G; »n M, and M,; = G; n M,. Define in each G; a
matching =;: _ _

M;  IfGjisacycle

= < My If thereisanodev € Vn (U\U,) In G;
M, If there isanodev € V. (W,\W,) In G,

Then, it is not difficult to check thatM = (M; " M,) U T, U T, ... U T,

IS the required matching.
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M=(M;"M,)umn,Un, UT,
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Properties of Matchings

Theorem 3.9 A maximum matching M of a bipartite graph G can
be obtained from any other maximum matching M’ by a sequence
of transfers along alternating cycles and paths of even length.

Proof. By Property 3.4, every component of M A M’ IS an
alternating even cycle or an alternating path relative to M’. By
Property 3.3 and Theorem 3.6, a component of M A M’, if it Is a
path, must be of even length. (Otherwise, If it Is an odd path, it
must be an augmenting path relative to M or to M, contradicting
the fact that both M and M’ are maximum.) Then, changing A’ In
each component in turn will transform A7’ into M.
M o8 w2 Y8 Ja V5oV Yo Vs Y4 Vs
Uy, U, Uy U, Uy, U, Ug U,
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Properties of Matchings

A perfecting matching of a graph G Is a matching which covers
every node of G. Clearly, If a graph has two perfect matchings M
and M’, all components of M A M’ are even cycles. Therefore,
according to Theorem 3.9, we can deduce the following result.

Vi Vo V3 MgV Vo V3 M, Vi Voo V3

L K

U, U, U U, U, U U, U, U

Corollary 3.10 Assume that bipartite graph G has a perfect
matching M. Then, any other perfect matching can be obtained

from M by a sequence of transfers along alternating cycles relative
to M.

Yangjun Chen 21
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Maximum, but not perfect matching
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Algorithm

B Algorithms - finding a maximum matching

Lemma 3.11 Let M be a matching with M| = r and suppose that
the cardinality of a maximum matching is s. Then, there exists
an augmenting path relative to M of length at most 2_.r/(s — r)+
1.

Proof. Let M’ be a maximum matching. Then, by Proposition
3.5, M A M’ contains s - r node-disjoint augmenting paths
relative to M. It Is easy to see that these paths contain at most r
edges from M. So one of these augmenting paths must contain
at most Lr/(s — r). edges from M and so at most 2 L.r/(s—r)] + 1
edges altogether.

Yangjun Chen
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Proof. Let M’ be a maximum matching. Then, by Proposition
3.5, M A M’ contains s - r node-disjoint augmenting paths
relative to M. It is easy to see that these paths contain at most r
edges from M. So one of these augmenting paths must contain
at most Lr/(s — r) edges from M and so at most 2 Lr/(s—r)] + 1
edges altogether.

Since s > r, there Is at lease s — r augmenting paths in M A M’ . On
each of them the number of edges in M’ Is one larger than the
number of edges in M.
Consider these augmenting paths:
' 'y at least s — r augmenting paths
L, ‘ \ ...... { \ } ...... elative to M

P, P.
If each P, contains more than |r/(s — r)| edges, then M will have more
than r edges. Contradiction.

- 24
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Algorithm

Lemma 3.12 Let M be a matching and P be a shortest augmenting
path relative to M. Let Q be an augmenting path relative to M A P.
Then, |Q| > |P| + 2|P n Q|.

Proof. Consider M =M A P A Q. Then, M’ is a matching. By
Property 3.3, M| =MAPl+1=(M +1) +1=]|M + 2
According to Proposition 3.5, M A M’ contains at least two node-
disjoint augmenting paths relative to M. Let Py, ..., P, (k > 2) be
such paths. Since P is a shortest augmenting path relative to M, we
have

IMAM|=IMAMAPAQ)|=|ZAPAQ|
=|PAQ[> P, + ...+ |P]>2[P|.

Note that |P A Q| = |P| + |Q| - 2|P m Q| > 2|P|. Therefore, we have

QI = |P[+2[P Q.

Yangjun Chen
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About symmetric difference

Commutative:
MAP=PAM

Assoclative:
MAPAQ

=MA(PAQ)

=(MAP)AQ

Yangjun Chen
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Example.

Yangjun Chen
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wrse: /11,7

P| =
Q| =
PAQ|=
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xampl
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Algorithm

Corollary 3.13 Let P be a shortest augmenting path relative to a
matching M, and Q be a shortest augmenting path relative to M A
P. Then, if |P| = |Q|, the paths P and Q must be node-disjoint.
Moreover, Q is also a shortest augmenting path relative to M.

Proof. According to Lemma 3.12, we have |P| = |Q| = |P| + 2|P m
Q. So P Q =®. Thus, P and Q are edge-disjoint. Assume that P
and Q share a common node v. Consider the edge e incident with v
In M A P. Then, P and Q must share e, contradicting P N Q = ®.
Therefore, P and Q are also node-disjoint.

&€ 8 P and Q are node-disjoint.

vanguncren © must be on Q since Q is an augmenting path of M A P. s



Algorithm

Hopcroft-Karp algorithm (1973)

The whole computation process is divided into a number of stages,
at which some partial matching has been constructed and some way
IS sought to Increase Iit. At stage I, we have the matching M, and we
search for {Q,, Q,, ..., Q,}, a maximal set of node-disjoint, shortest
augmenting paths, relative to M.. Then, according to Corollary
3.13, Q, Is a shortest augmenting path relative to M A Q,, Q5 Is a
shortest augmenting path relative to (M A Q;) A Q,, ..., and Q, Is a
shortest augmenting path relativeto M A Q; A Q, ... A Q,,) A Q, ;.
Therefore, the new matching for the next stage is formed as

Miss =MiAQ  AQ, ... AQy

Yangjun Chen 30



Algorithm

Proposition 3.14 Let s be the cardinality of a maximum
matching in a bipartite graph G. Then, to construct a
maximum matching by the above process requires at most

2 [ \/s]+ 2 stages.

Proof. It can be derived from Property 3.3 and Lemma
3.11.

Then, the running time should be bounded by O(|El/s)
since at each stage O(|E]) edges will be visited.

Yangjun Chen 31
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Proot of Proposition 3.14

Let My, M,, ..., M, be a sequence of matchings in G,
where M, = @ and M.., = M, A P, and P, is shortest
augmenting path relative to M, for eachi =1, ..., s — 1.
Then, an upper bound for the number of stages we require
can be given by bounding the number of distinct integers
in the sequence |Py|, |P,|, ..., |P,|. Let r = Ls - Vs . Then,

since |M,| =r, we have

Pl <2lri(s—r)l<2ls |+ 1.
Thus, for each i < r, |PJ| 1s one of the Vs + 1 odd
number less than or equal to 2’j\/§* + 1. Certainly, s — 7 =

| /s | paths contribute at most | /s | distinct integers to the
collection, and so the total number 1s at most

s l+1+[vs l<2lvs]+2.

32



Algorithm

Main process:

G — M — G, —G, — Node-disjoint augmenting

paths P,
Randomly choose I\V
some edges as M;. _

M,— G, —G, —. Node-disjoint augmenting

paths P,
har,

My— Gy, — Gy — Node-disjoint augmenting

paths P
I\V 3
M :

4

Yangjun Chen



Algorithm

Let M, be the matching of G produced at stage i. We
define a directed graph G; (called an alternating graph)
with the same node set as G, but with edge set
E(G)={u—>v|ueV,veV,and(u,v) e E\M}
u{v—o>ulueV,veV,and(u,Vv) e M}

VeV Voo ViV Vs Ve ViV, V3oV, Vs Vg
1. IM M
V!
u U uz U U Ug U U U3 Uy Us  Ug
(@) Vi Vo V3V, Vg Vg (b)

Vli o)
V!

Yangjun Chen 34



Algorithm

First step:

From G;, construct a subgraph G, (called a layered
graph) described below.

Let L, be the set of free nodes (relative to M,) In V,
and define L; (j > 0) as follows:

={u—>veEG)|luel,velulLiu.. Ul
Li={v e V(G)) | forsome u,u —> v e E;, }.
Deflne J* = min{j| L;~ {free nodes in V,} = ®}. G;’Is
formed with V(G ) and E(G ’) defined below.

Vi

Yangjun Chen 35



Algorithm

First step:
If j* = 1, then
V(G;) = Lyu (L; m {free nodes in V,}),
E(G,))={u—>vVv]|uelLjandv e {free nodes in V,}}.
If j* > 1, then
V(G;) =L,vu Lu ... vl v (L n {free nodes In
Va}),
E(G,) = Eyu S .U E.«,U{u—>vVv|uely,and
v € {free nodes In V2}}

With this definition of the graph G;’, directed paths from
L, to L« are precisely in one-to-one correspondence with
shortest augmenting paths relative to M; In G.

Yangjun Chen 36
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Algorithm

Second step:

In this step, we will traverse G;' in a depth-first searching

fashion to find a maximal set of node-disjoint paths from

L, to L.

* For this, a stack structure stack Is used to control the
graph exploring.

* |In addition, we use c-list(v) to represent the set of v’s
child nodes.

Yangjun Chen 38



Algorithm

Algorithm finding-augmenting-paths(G;’)
begin G,: vy Vg

1. letx be the first element in L;

2. push(x, stack); mark v; J : » J

3. while stack is not empty do { U EEEE

4, v ;= top(stack); l l l

5, while c-list(v) = @ do { Ve Vo V4

6. let u be the first element in c-list(V); * * V,

1. if u is marked then remove u from c-list(v) Ug U,

8. else {push(u, stack); mark u; v :=u;} Uy {

9. } Y

10. If v Is neither a free node In L;. nor in L, then pop(stack) 6 l

11. else {if v is in L;. then output all the elements in stack; Ug &

(*all the elements in stack make up an augmenting path.*)

12. remove all elements in stack; U

13. let v be the next element in L; V6

14, push(v, stack); mark v; 6

15. 3 |

end ]
Yangjun Chen 39




Trace

Example
Example.
Vi V, VgV, Ve Vg
@)
up U Uz Uy U U
(@)

Yangjun Chen

M,:
Vi V, ViV, Vg Vg
%

u uUg U, U Ug

1
Uq
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G, “will be constructed as follows: G,

= {Vy, V4, Vs} |
E = {(vy, Uy), (Va, Uy), (V4 Us), (Vs, Ug), (Vs, Us)} ul U,
= {uy, Ug, Uy, Uz} /*)* = 1 since ug Is free.*/ l l

(If ug 1s not free, the following layers will be V:6 "
constructed.) U
E, = {(uy, ve), (Us, Vo), (Ug, V3)}
2 = {Ve: V2, V3}
E, = {(Ve, Ug), {artia, (Vo Up)}
= {Ug, U}

[*usis not in L4 since it already appears in L, .

Yangjun Chen
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Vs,

L

Us
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Example Trace

Since L, contains free node ug In V,, J* =
Therefore, we have

V(Gy') = {vy, V4, Vs} © {Uy, Uy, Us), and

E(G,") = {(vq, Uy), (V4 Uy), (V4 Us), (Vs, Us)}
Note that v, — uc Is an augmenting path relative
to M, and v; — uc Is another. By applying the
second step of Hopcroft-Karp algorithm to G,
v, — Uz Will be chosen, yielding a new matching
M, = M; A {v, — u:} as shown in the following

figure.
|\/|2: Vi Vs V3 Vy Vs Ve

e

Yangjun Chen
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Example Trace

At a next stage, we will construct G, as shown In Figure

7. G," will then
Lo = V1, Vs,

be constructed as follows:
G,:

Eo={(vy, up), (Vs Ug), (Vs Ug)}, 1 V2 Vs V4 Vs Vg

E; = {(ug, vg), (U3, V), (Us, V,)}, M

L, ={u,, us, Us},

L, = {V,, V4 Vel

By =1V, Up), (Vi Uy), (Vs Ug)J, G, Vl V5
L3 — {UZ, U4, u6}’ i ‘/, i
: i U, Uz Us
/*j* = 3 since u, and ug are free.*/ l l l
E3 - E\(,uif V3)}’___ This part will not Ve Vp V4
E: = {(Va, be created. b
4 ={(vs, Ug)}. g G,

Yangjun Chen
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Since L, contains two free nodes u, and ugin V,, J* = 3.

So we have
V(G,)=L,u L uL,u{u,, ug}, and
E(G,") = Ey U E;U {(V,, Uy), (Vg Ug)}.

L, = {Vvy, Ve }, .
Eq = {(vy, Uy, (vs, Ug), (Vs, Us)], V12 |
L, = {uy, U, Uc}, *
E, = {(uy, vg), (Uz, V), (Us, V4)}, UF
L, = {V,, V,, Vg}, g

By = 1(v2, Up), (Ve Ue) , ¥4t} |

L = {Uy Ug, Hy}-
[*]* = 3 since u, and u, are free.*/

Yangjun Chen
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Example Trace

Since L, contains two free nodes u, and ugin V,, J* = 3.
So we have

V(G,) =L,u L,uL,u {u,, us}, and

E(G,") = Eg U E;u {(Vy Uy), (Ve Ug) )
In Fig. 8, we show G,’, which contains two augmenting
paths P, and P,, where P, = v; > U, > vy > Ug
(represented by red edges in Fig. 8) and P, = v —> u;— v,
— U, (represented by blue edges in Fig. 8) .

Vi V, V

Yangjun Chen 45



Example Trace

In Fig. 8, we show G, which contains two augmenting
paths P,and P,, where P,=v, - u;— vs— U and P, =
Ve > U3 — V, = U,. By applying the second step of
Hopcroft-Karp algorithm, these two augmenting paths
will be found. The maximum matching M; = M, A P; A

P, Is shown In Fig. 9. G,

Yangjun Chen
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Example Trace

In order to have a better understanding of the second step
of Hopcroft-Karp algorithm, we trace the execution steps
when applying it to the graph shown in Figure 8.

Gyi vy Vo V3oV, V5o Vg MVp Voo V3o Vo Vg Vg
o o q o

(@)
up U, Uy Uy Us Ug up U Uy Uy Us U
G, v Vv
Step1: Ly={vy, vV} 7 i ’ 7
push(v,, stack); mark v;; 1 oo
. 0 U U; Us
Step 2:  c-List(vy) = {u} 7 l l l
push(u,, stack); mark u,; - Vi v, V,
Step 3:  c-List(u,) = {vs} Ve R
push(vg, stack); mark vg; \lji U, U,
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L; = {u,, Us}
Lo={Vvy, Vs} Y ©

Step 4. c-List(vg) = {ug};
push(ug, stack); mark ug;
Step 5:  c-List(ug) = ¢;
Ug IS In Lg; /* J* = 3.%/;
" Output all the nodes in stack,

Ug IS a free ) :
0 which make up an augmenting
node.
path:
V; = U — Vg — Ug;
empty stack;

push(vs, stack); mark vc;

/* v 1S the next element in L,.*/
Yangjun Chen
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@) @)
Ls = {uy Ug}
Lo={Vy, Vc} o S
u Uu, Uy u, Us U
Step 6:  c-List(ve) = {ug, Us}; Us
push(us, stack); mark us; Vs
Step 7:  c-List(ug) = {V,}; v, e
push(v,, stack); mark v,; Uc 2
Ve U
Step 8:  c-List(v,) = ¢; i
v, is neitherin LynorinLy | Ys Up  Us
- V
/*J* =3 */ 5 l l
pop(stack); Ve V2
vy
Us U

Yangjun Chen
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o ® :
L3 — {UZ’ U4, U6} M lj u‘NN lj
Lo= {V1, Vs} S F r r

Ve Vo Vy
Step 9:  c-List(us) = {v,}; o
v, IS marked; remove v, from the list; i, U,
c-List(ug) = ¢; Ve |
Step 10: ug Is neither in L nor in L;
pop(stack);

c-List(vg) = {us}; /* uc is removed from c-List(vg).*/
Step 11: push(us, stack); mark us;

c-List(u,) = {v,}; 33 e
[ ] . 5 U3
push(v,, stack); mark v,; Vs

Yangjun Chen 50



o @)
U

L,=4{v., V
0 { 1 5} ) U2 U3 U4 U5 U6
Step 12: c-List(v,) = {u,}; U,
push(u,, stack); mark u,; \ljz
Step 13: c-List(u,) = ¢; Vs

Yangjun Chen

U, IS In Lg; /* J* = 3. */;

Output all the nodes in stack, which
make up an augmenting path:.

Ve — Uy —> V, —> U,

empty stack;

Now stack Is empty and no element
In L, will be pushed into stack.
Stop.

51



Bipartite Graph

Hopcroft-Karp algorithm (1973)

In the above example, we choose the matching shown in Figure
5(b) as an initial matching for ease of explanation. In fact, we can
choose any edge in the bipartite graph as an initial matching and
then apply Hopcroft-Karp algorithm. Of course, the final matching
found may be different from that shown in Figure 9.

Yangjun Chen
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Project Requirement

1. Implementation of the algorithm in C++.
2. Documentation.

Yangjun Chen
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